Abstract-This paper considers the Aizerman problem for second-order systems with delays. It is proved that for retarded systems with a single delay the Aizerman conjecture is true. For systems with multiple delays, a delay-dependent class of systems is found, for which the Aizerman conjecture is true. The proof is based on the Popov's frequency-domain criterion for absolute stability.
I. INTRODUCTION
The Aizerman problem has a very long history. For systems without delays, the matter is completely settled: the Aizerman conjecture is true for second-order systems and, generally, false for systems of order three and higher [1] . For systems with delays, the problem is unsolved [2] except that Rasvan himself proved that the Aizerman conjecture is true for first-order systems with a single delay, independently of the delay [3] .
In this paper, we consider the second-order retarded system described by the scalar delay-differential equation x(t) + a 1 _ x(t) + '(x) + b 1 _ x(t 0 ) + bx(t 0 ) = 0: (1) It is assumed that the function '(x), hereafter called the nonlinearity, satisfies the sector condition
For the linear terms in (1), we can define a transfer function W (s) = s 2 + a1s + (b1s + b)e 0s 01 :
In proving the results of this paper, we are going to rely extensively on the Popov's frequency-domain stability criterion: the zero solution of (1) is globally asymptotically stable (GAS) if there exists a constant , such that for all values of !, including infinity, the following inequality holds:
In addition to (1), we are also going to consider the linear equation
The problem under investigation requires comparing the values of , for which the zero solution of (1) is GAS, with the values of a, for which such solution of (5) The first step in answering this question is to determine stability conditions for (5). This will be carried out in Section II. Delay not involving derivatives (b 1 = 0) is considered in Section III. Delay involving the first derivative is investigated in Section IV. Finally, in Section V, we extend some of the results of Section III to systems with multiple delays.
II. LINEAR SYSTEMS
For the system described by (5), we define the transfer function W L (s) = P (s) + Q(s)e 0s 01 :
In this equation
It is well known that the zero solution of (5) is GAS if and only if all the poles of W L (s) have negative real parts. An immediate consequence of the results of Pontryagin [4] is that the following inequality constitutes a necessary condition for this to be true:
If this inequality holds, then the necessary and sufficient condition for the zero solution of (5) to be GAS for all nonnegative values of the delay is that the following two conditions are met [5] .
1) The real parts of all the roots of the polynomial P (s) are negative. This is true if and only if both coefficients a1 and a are positive. 2) For any ! > 0 jQ(i!)j < jP(i!)j:
These stability conditions can be reduced as follows. Both of the following inequalities are the necessary conditions: jbj < a; jb1j < a1: This provides a complete answer to the delay-independent stability problem for the second-order linear systems with a single delay (with the exception of neutral systems). The next task is to compare these stability conditions with those for nonlinear systems.
III. DELAY NOT INVOLVING DERIVATIVES
In case of a single delay not involving derivatives, the inequalities (11) simplify to If the first of these inequalities holds, then a > jbj is a necessary and sufficient condition for stability of the zero solution of (5). Therefore, the nonlinearity '(x) must lie in the sector (jbj; +1) and it makes sense to define the function f(x) by f(x) = '(x) 0 jbjx:
The new nonlinearity f(x) satisfies the sector condition (2) with 01 = 0 and the transfer function of the linear terms becomes W (s) = s 2 + a 1 s + jbj + be 0s 01 :
Expansion of (4) 
This shows that the Aizerman conjecture is true in this case.
Of course, if b = 0, we have a system without delays, and the Aizerman conjecture is known to be true. Let us turn our attention to the case when a > 
Instead of (14), we now have 
Therefore, in this case the Aizerman conjecture is true as well. This proves that it is true for all second-order systems with a single delay not involving derivatives.
IV. DELAY INVOLVING THE FIRST DERIVATIVE
For systems with a single delay involving first derivative, the situation is somewhat more complicated. If the first of the inequalities (11) holds, then the inequalities (12) are necessary and sufficient conditions for stability of the zero solution of (5). Once again, we can de- Therefore, the Aizerman conjecture is true for all second-order systems with a single delay involving the first derivative.
V. MULTIPLE DELAYS
Let us extend some of our results to systems with multiple delays. We are only going to consider the case of delays not involving derivatives
We are not going to investigate in depth the stability of the corresponding linear system except to note that the necessary condition (8) now becomes [5] m j=1 jb j j < jaj : Thus, in this case we have identified a delay-dependent class of systems, for which the Aizerman conjecture is true.
VI. CONCLUSION
The results obtained can be summarized as follows. For retarded systems with a single delay, the Aizerman problem is solved completely-the conjecture is proved to be true. For systems with multiple delays, the frequency-domain inequality yields a delay-dependent stability criterion.
The problem is still open for neutral systems. Another open question is the possibility of improving the result in Section V since the estimate used in the derivation is rather coarse. Indeed, if we set m = 1, the resulting stability criterion is much weaker than the one obtained in Section III.
